A general study is given of plane and cylindrical wave propagation of combined stress in an elastic-plastic medium. The coefficients of the governing differential equations, when written in matrix notation, are symmetric matrices and can be divided into submatrices each of which has a special form. The relations between the stresses on both sides of an elastic-plastic boundary are derived. Also presented are the restrictions on the speed of an elastic-plastic boundary.
(hij/dXj = p dVi/dt (i, j = 1, 2, 3)
where <ris the stress, v,• the velocity and p is the mass density of the body, and summation is implied by repeated indices. The relation between the strain and the velocity Vi is dtij/dt = !(dVi/dXj + dVj/dXi),
while the stress-strain relation for an elastic, isotropic work-hardening material is (see [1] 
E is Young's modulus, v is Poisson's ratio, k is the yield stress and the yield condition can be written as K<tu) = k2.
G(k) in Eq. (3) is a given function of k which characterizes the work-hardening property.
Eqs. (l)- (4) give a complete description of wave propagation in three-dimensional elastic-plastic media.
In this paper, we will restrict our attention to special cases in which the governing equations depend on only one space variable. Plane wave propagation and cylindrical wave propagation are such special cases. The most general plane wave propagation is the one in which vx , v2 , and v3 are functions of xy and t only. Using x instead of Xi for simplicity, <ri , r2 , r3 for cru , a2l , <rSi respectively, Eq. (1) gives o-i,x = pv 1., ,
t2,x ~ f>V 2.f ,
T3,x = PVZ,t ,
where the subscripts x and t denote partial differentiation with respect to these variables. Eq. (3) gives, making use of Eq. (2) and the fact that t22 = e33 = 0 leads to <j22 = <r33 in the present case, 1 2i>
2" 9(1 _ 0 = -g <rllt + V} a,., + 2s2GQ,
V2.x = r2,t/n + 2 t2GQ,
where sx , s2 and o-2 stand for su , s22 , and o-22 respectively, ju is the shear modulus and
Eqs. (5)- (11) give a complete description of a general plane wave propagation in an elastic-plastic medium. When v2 = 0, and hence r2 = 0, Eqs. (5), (7), (8), (9) , and (11) reduce to the case of pressure-shear wave propagation considered in [2] , [3] , [4] , If v2 , v3 are the only nonzero velocity components, then r2 and r3 are the only nonzero stresses and Eqs. (6), (7), (10) and (11) reduce to the case of two-shear waves studied in [3] , [5] , [6] , The equations derived in [7] for combined longitudinal and torsional waves in a thin-walled tube may also be reduced from Eqs. (5), (6) , (8) and (10) by letting a2 = 0.
If vr , ve , v, are the velocity components of a particle in cylindrical coordinates (■r, 6, z) , the most general cylindrical wave propagation is the one in which Vr , Vo and vz are functions of r and t only. Then, the only nonzero strains are er , ee , y# , yz where 7s , yz stand for trS , erz respectively. Consequently <rr , o> , <yz , re , tz are the nonzero stresses where t9 = <xre , t2 = <jtz ■ Now, instead of writing the governing equations for cylindrical wave propagation in the form shown in Eqs. (5)-(ll), we will use matrix notation and write the governing equations, Eqs. (1)- (3), in a matrix differential equation which can be applied to both plane and cylindrical wave propagation. 2. The matrix differential equation. For wave propagation which involves only one space variable x or r, the equations of motion (1) can be written in matrix notation as Md, + b, = pv,
where d and v are column vectors whose elements are stress and velocity components respectively, b! is also a column vector whose elements are functions of stress d and space variable x only. (In cylindrical waves, x becomes r.) If 6 has m elements and v has n elements, then M is an n X m matrix whose elements are constants. The continuity condition Eq. (2) can be written as e, = NVj + b2 (14) where e is a column vector with strains as its elements while b2 is a column vector whose elements are functions of velocity v and space variable x only. N is an to X n matrix whose elements are constants. Finally, the stress-strain relation, Eq. (3), can be written e, = Sti,
where S is an m X m square matrix. In the plastic region, S can be written more precisely as
S" is also an to X to square matrix whose elements are functions of elastic constants only. Thus
gives the elastic stress-strain relation. V/ is the gradient of /(d) with respect to the components of <i. Hence, by (4),
Now, by eliminating t, between Eqs. (14) and (15), we can write Eqs. (13)- (15) 
and I is a unit square matrix. It can be checked easily that the governing equations for general plane wave propagation derived in Eqs. (5)- (11) as well as the equations for other plane wave propagation reduced from Eqs. (5)- (11) The particular cases of two-shear cylindrical waves and pressure-shear cylindrical waves have also been derived earlier in [5] but the resulting coefficient matrices were not symmetric. The formulation presented here yields symmetric coefficient matrices for all cylindrical waves. The analyses in the rest of this paper will be based on the matrix differential equation (19). Although for all plane waves and cylindrical waves the matrices A and B are symmetric, the analyses presented in the following do not require the symmetry property of A and B. The yield condition / of Eq. (4) is not restricted to von Mises' yield condition.
3. An identity.
In this section, we will derive an identity which is useful in the analyses of the present problem.
Let P be an r X r matrix and g and h be column vectors with r components. Then, if a is a scalar, ||P + ahgT|| = ||P|| + ahrP*g
where ||P|| is the determinant of P. P* is the adjoint matrix of P, i.e. the element ]'* in P* is the cofactor of the element I',, in P. Hence P* has the property (P*)'P = | |P| | I.
To prove Eq. (22), we write P in terms of its columns as 
we have \\eA -B|| = (pc)~ ||D11.
Thus, instead of expanding the determinant ||cA -B|| which is of order m + n, we can expand the determinant | |D 11 which is of order m.
If we define
then by Eqs. (16) (see [4] , [14] ). 
is the total derivative of w along the boundary. Elimination of between Eqs. (19) and (36) It is more convenient to write Eqs. (39) and (40) in the following forms, using Eqs. (16) and (18):
N(vJ -v?) + cS"(6't -6"t) = 2cG(k)kk"t(V/).
Eqs. (41) and (42a) yield
while Eqs. (41) and (42b) yield
Equation (43a) 46) is the case of longitudinal wave propagation in a thin rod studied in [13] . As an illustration, consider the case of combined longitudinal and torsional stresses in a thin-walled tube studied in [10] . Equation (46) where use has been made of the fact that c, 5= c2 ^ cf g c0 ■ On the other hand, k't g 0, K ^ 0, for an unloading wave, and a similar argument shows that c must satisfy one of the following two conditions:
C, ^ C ^ C2 , Cf ^ C ^ Co .
These are the results obtained in [10] and agree with the more general results obtained in [14] for three-dimensional elastic-plastic wave propagation. The case when both k't and kvt are zero is discussed next.
First notice that d^ = <S"t implies k't = kvt = 0. This follows from Eqs. 
Equations (47) and (48) are identical to Eqs. (43) and (46) respectively with the exception that the order of derivatives is changed.
